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Possible link between guanosine’5triphosphate hydrolysis and solitary waves in microtubules
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The cytoskeleton of eucaryotic cells is composed of several classes of protein polymers among which
microtubules(MTs) are the most prominent. Microtubules are important in a variety of cellular activities but
the physical reasons underlying their behavior are largely unknown. Inside the cell they usually exist in an
unstable dynamic state characterized by a continuous addition and dissociation of the molecules of tubulin. The
addition of each tubulin is accompanied by the hydrolysis of guanosin&ighosphate bound to thg
monomer of the molecule. Experiments show that an amount of energy comparablexd 6.25J is freed
in this reaction. A few researchers have put forward a hypothesis that this energy can travel along MTs as a
kinklike solitary wave. In this paper two models are analyzed whose special solutions are traveling kinks that
arise as a result of coupling between dielectric and elastic degrees of freedom of tubulin. By means of these
models a collision of the kink wave with an impurity in the microtubule is studied. The impurity may represent
a protein attached to the microtubule or a structural discontinuity in the arrangement of the tubulin molecules.
We conjecture that the collisions of the quanta of energy propagating in the form of kinks with such defects
may explain some features of the microtubule behay®1063-651X97)12503-X

PACS numbg(s): 87.15.He, 62.36-d, 63.20.Mt, 64.60.Cn

[. INTRODUCTION tween MTs and they are mainly known as promoters of MT
assembly.

Microtubules(MTs) are cylindrical protein structures that ~ The array of MTs surrounding the centrosome is a dy-
are the major constituent part of the cytoskeleton of all eunamic structure. MTs are continuously growing and shrink-
caryotic cells. They have a form of hollow tubes whose wallsing in random directions. This phenomenon is known as dy-
are assembled from the molecules of globular protein tubunamic instability[5]. Net growth or net shrinkage of a single
lin. Tubulin is an approximately 810 °-m-long dimer MT is a result of growing and shrinking at the two MT ends.
composed of two monomers,- and B-tubulin, each with a  According to observations the transitions between the grow-
molecular weight 50—55 kilodaltons. Molecules of tubulin in ing and shrinking phases at a MT end are stochastic. The two
MTs form parallel protofilaments that are longitudinally €nds behave independently of each other: the frequencies of
shifted with respect to each other, which results in a helicafransitions between growing and shrinking and the rates of
arrangement of the tubulin subunits in the MT wdig. 1).  these processes at both ends are uncorre[gedVhile the
Most observed MTs have 13 or 14 protofilamefitd This ~ assembly is a linear process the disassembly happens very
corresponds to a MT diameter of approximately rapidly.
25X 10 ° m. The length of an intermediate MT is about  The microscopic nature of the dynamic instability of MTs
10" ® m. In the axons of neurons they can be as long as
several centimeters.

MTs participate in various cellular events. During cell
division they extend from two centrosomes located at the
opposite poles of the dividing cell and attach to the sister
chromatids of each chromosorh2]. In anaphase the chro-
matids are pulled apart by shortening MTs so that an equal
number of chromosomes is assigned to each of the two fu-
ture daughter cells. In nondividing cells MTs form an array
around the centrosome that is positioned close to the cell
nucleus. These MTs can serve as tracks along which or-
ganelles and vesicles are transported either towards or away
from the center of the cell. In neurons vesicles are moved
along MTs towards a synapse. MTs are the main components
of the cores of cilia and flagella. These extensions from the
cell surface are used to move fluids and other particles
around the cell or the whole cell. Both transport along MTs
and ciliary movement are achieved by means of a special
class of proteins that bind to the MT surface and are called
microtubule associated motor prote{dg. Another group of FIG. 1. A schematic drawing of a MT that consists of 13
MT associated proteins that bind to MTs are called MAPS protofilaments. The tubulin dimers are arranged in a helical manner
These proteins often serve as interconnecting bridges béfrom Ref.[3]).
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has not been elucidated yet. It is utilized by the cell, for We can mention two other works by Sata@nd co-
example, in the early phases of cell division. In this periodworkers[15,16. The authors proposed a model of propaga-
MTs extend from the centrosome in random directionstion of kinklike torsion waves along MT protofilaments
Those that have completely shrunk are replaced by new ondmsed on a similar equation of motion ag14]. Using quan-
that start growing from a different nucleation site. In such atum mechanical and nonequilibrium statistical physics meth-
way the MTs stochastically probe the whole cellular space irods they attempted to calculate theoretically some physical
order to eventually become attached to the chromosomes. kharacteristics of MTs.

[7] it was estimated that a chromosome is attached to a MT In the following sections two models are presented that

within 2 min. are mathematically represented by nonlinear partial differen-

tial equations that describe appropriate equations of motion.

II. GTP HYDROLYSIS AND MODELS OF PROPAGATION A special class of solutions of these equations are traveling
OF KINKS ALONG MICROTUBULES kinks. The first model is a modified version of the model

o ) _ proposed by Satariet al. [14] in which the dynamics of a
The attachment of a tubulin dimer at a growing MT end istypulin dimer is represented by a singlffective equation
accompanied by the hydrolysis of guanosirietriphosphate  of motion derived for the elastic displacement of the dimer.
(GTP) bound at the exchangeable binding site on e The electric field in the MT that enters into this equation is
monomer(8]. Experiments show that the exchangeable GTRyssumed to be constant. In this paper we modeled the electric
hydrolyses very soon after the tubulin binds to the MT. Atfie|d in a MT as a function of the position along the MT. The
pH=7 this reaction takes place according to the formula second model was proposed by Gordai] to describe the
_ _ PR propagation of stress waves that are coupled to polarization
GTP" +H,0 — GDP* + HPQ, +H+AE, (1) waves in ferroelectric crystals. These waves have the form of

: . kinklike nucleation fronts
where the released ener is the same for the hydrolysis :
OF yaroy Both models have been modified to study the effect of a

of all 5" triphosphates and amountsAde = 8.7 kcal/mol[9]. " . . : .
GTP hydrolysis is a source of energy that is utilized by acoII|S|on of the traveling kink with a local defect in a MT.

MT in ways largely not explained. IF10] the measurements This defect is viewed asa Iogal distortion that can be' dl‘!e tp
of the standard free energy of the hydrolysis of the nonhy-an attached associated protein or a structural discontinuity in
drolysable analogue of GTP guanyly:b) the MT. Changing number of protofilaments, extra seams

-methylene-diphosphatéGMPCPR are reported. This en- (discontinuity along a MT caused by the mismatch of the
ergy is 5.18 kcal/mol in solution, 3.79 kcal/mol when rows of tubulin dimery and point dislocations have all been

GMPCPP is bound within a free tubulin molecule, and On|yexperimentally observed. The collision with a local impurity

0.9 kcallmok6.25x 10~ 2 J when the tubulin is embedded M2 for example, be a way the energy of the GTP hydroly-
in a MT as a subunit sis is transferred to another MT through an associated pro-

It is reasonable to assume that the energies released in - Based on Gordon’s fT‘Ode' it will be shgwn_that such a
hydrolysis of GTP are in a ratio similar to the ratio betweenCOIIISIOn may be a factor in the .MT destabilization or may
the energies of the GMPCPP hydrolysis. Then the aboy&VEN cause a complete destruction of a MT.
numbers indicate that most of the energy of the GTP hy-
drolysis is stored in the assembling MT. It is conjectured that 1ll. MODEL |: PROPAGATION OF DOMAIN WALLS
the stored energy has a form of conformational states of the ALONG MICROTUBULE PROTOFILAMENTS
tubulin dimers. The conformational changes of the tubulins
after the hydrolysis may cause a mechanical strain that de-
stabilizes MTs. When, due to some other destabilizing event, It has been found in experiments that, like many other
the MT starts to disassemble, the mechanical strain may beiological structures, MTs exhibit pyroelectric and piezo-
the factor that causes breakage of the bonds between tlgdectric properties that arise as a result of elementary dipole
tubulin subunits, which may result in a partial or overall moments carried by their subunif§8]. According to the
destruction of the MT10,11]. It has also been suggested that theoretical work of Frblich changes in conformational states
if the stored mechanical energy is larger than the energyspatial arrangement®f proteins can be induced by redis-
needed for the breakage of the bonds between the tubulimibution of charges within these polymef9]. Adopting
molecules, the surplus can be used to do mechanical worlErohlich’s concept, in[3] and other related workg0], a
for example, by coupling disassembly to the vesicle or chromodel of a MT automaton was proposed based on the as-
mosome movemerjtL2]. sumption that a tubulin molecule can possess two different

However, at least 6.2610 21 J of the energy of the GTP orientational dipolar states that are coupled to the tubulin
hydrolysis is not stored in a MT. Several groups of researcheonformational states. These states were viewed as two states
ers put forward a hypothesis that this energy propagatesf an electron that could be localized either towardscher
along MTs as a solitary wave. Chat al. [13] showed that towards the8 monomer and they were termed theand the
kinks and pulses excited, e.g., by the energy freed in the GTP state, respectively.
hydrolysis can propagate along MTs due to the coupling be- Following the considerations above we will assume that
tween the elastic states of the tubulin dimers. A part of theeach tubulin dimer can be in two dipolar states characterized
work presented here follows a paper by Satatial.[14] in by opposite orientations with respect to the MT axis but the
which it is suggested that nonlinear coupling between dielecsame magnitude of the dipole moment. These states will also
tric and elastic degrees of freedom of tubulin may give risebe termed thex and theB state and they will be assumed to
to kinklike excitations traveling along MT protofilaments. be coupled to the tubulin conformational states which may

A. Equation of motion
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represent different elastic states of tubulin. (a)

According to the model analyzed in this section the cou- V(u) (2.5x10°20 7
pling between dielectric and elastic degrees of freedom of
tubulin is nonlinear. Special solutions of this model are trav- 4

eling kinklike solitary waves that represent domain walls be-

tween two chains of tubulin dimers characterized by different ’

orientation of dipoles and therefore by different elastic states 5
of tubulin. If lateral interactions between the neighboring
protofilaments in a MT are neglected, the domain wall 1

propagates along one MT protofilament. 10
The solitary waves can be excited by the free portion of ——7 % -1 -0 51 5 w0 m)

the energy of the GTP hydrolysis if this amount of energy is \/

sufficiently large to alter the state of a tubulin dimer. Con-

sidering only the nearest neighbor dipole-dipole interaction

the energy of a tubulin dimer at an assembling MT end is

about 102! — 10 2° J [21]. The latter numbers are of the (b)

same order of magnitude as the energy freed in the GTP

hydrolysis. Hence, this energy may indeed initiate the kink

waves traveling along MT protofilaments. In order for the

kinks to propagate the dipoles on the tubulin dimers have to

be aligned in the same direction, i.e., the MT has to be in a

ferroelectric phas¢21]. When a MT is in this phase then

flipping one dipole can induce flipping of another dipole and

V(u+VE (2.5x10720 1)

N W

S0 on.
In the model by Satariet al. the energy of an assembly ! 10
of dipoles placed at discrete sites in a MT protofilament that 1.5 N1 =05 5 1 i/s u (107 m)
consists ofN tubulin dimers is represented by the following -1
Hamiltonian:
N 1 du, 2 1 FIG. 2. The local potential energy at a siten a MT protofila-
H= Z EM(W +§K(un+1_un)2 ment when the MT is in a ferroelectric phas@) V(u,), (b)
n=1 V(U,) +Ve.
(Cl’z 2 Ay 4
—| 5 Uy— 5 Up| —ClUp|. (2 s .
2 4 of the transition. Under these assumptions belgwhe po-

tential energy(u,,) exhibits two symmetric local minima at

In the equation above the variahlg represents the projec- u,= = (a,/a,)Y? for which V= —a%/(4a4) and a maxi-
tion on the protofilament axis of the elastic distortion of themum atV(0)=0 [Fig. 2(@)].
tubulin molecule (different conformation Describing the The last term—cu, in Eq. (2) accounts for the effect of
dynamics of the tubulin dimers in terms of only one of thean electric fields to which the chain of dipoles in the
variables(elastic stateassumes that the other varialgb- protofilament can be exposed. The total electric fiekak site
pole stat¢ behaves in the same way. Such a situation mayy of the protofilament produces potential eneriye
occur, for example, if both variables are strongly coupled.= —cu,= —q.4Eu,, whereqe is the effective charge of the
The meaning of the terms in E(R) is the following. nth tubulin dimer. The addition 0¥ to the quartic double-

1/2M(du, /dt)? is the kinetic energy of the tubulin mol- well potential energy/(u,) results in an asymmetric func-
ecule of massM, 1/2K(u,.1—u,)? represents the elastic tion with two local minima and one local maximum. One of
energy that originates from the restoring elastic forces actinghe two minima corresponds to a lower energy, which means
between two neighboring dimers. The quartic double welkhat the two dipole states are not equivalent but the state that
potential energy V(u,)= —(a2/2)uﬁ+(a4/4)u;1 approxi- is oriented in the direction of the electric field has a lower
mates the average effect of the surrounding dipoles on thenergy and thus it is energetically more favorable for the
dipole at siten. This approximation of the effect of the en- tubulin molecule to be in this staf€ig. 2(b)].
vironment assumes that all dipoles are in their equilibrium A situation can be also considered when the dipoles on
positions and they can be either in aror in a B state, each the tubulins are not parallel to the MT axis but tilted by a
of which has the same energy. The dipole states of eactertain angle with respect to it. If the dipoles are tilted by
tubulin in thea and B8 state can then be represented by twodifferent angles in ther and in theg state then the two states
dipoles, which are aligned along the MT protofilament axisdo not have the same energy. However, dipoles tilted with
and point in opposite directions. [21] calculations are pre- respect to an axis can be viewed as dipoles parallel to this
sented according to which a MT may undergo a dielectricaxis that are subjected to an effective electric figk2].
transition from a ferroelectric to a paraelectric phase. Assum¢Consider a dipole that can be in one of two orientational
ing that this transition has characteristics of a second ordestates that, when projected on a chosen axis, point in oppo-
phase transition,a, is a positive constant andx,  site directions. A Hamiltonian of an assembly of such di-
=a,(T.—T), wherea,>0 andT, is the critical temperature poles can be written as a sum of the Hamiltonian of an as-
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sembly of dipoles in which each dipole can be in one of twomassM that is moving in a fluid of viscosity;. The drag
orientational states that are parallel to this axis and an effedorce exerted by the fluid on the sphere is
tive electric field. This electric field is a function of the in-
teraction energies between the dipoleghen in Eq.(2) the

) du du
potential energyw/(u,) would be the same as for the case F,=—6mRgp——=—7y—. (5)
when the dipoles are parallel to the MT axis and the effect of dt dt
the effective electric field could be included in the term

—CUp. Thus, if the o_lipoles on the tubulin d?mers are tiI_ted Assuming that a MT is mainly surrounded by water mol-
by different angles with respect to the MT axis then the k'”kseculesn can be approximated by the viscosity of water at
that represent switching from the to the 8 state orvice body temperature. USingy= 7,ae=6.9X10"% kgm ts71

versa(depending on which is energetically more favorable gives for the damping coefficieny=6mR»n the value
can form even without the presence of external electrig oy 1011 kg s L.

fields.
In order to derive a realistic equation of motion, the effect
of the medium surrounding a MT has to be taken into ac- B. Electric field of a microtubule

count. Cellular MTs are imbedded in cytosol, which is a g glectric fieldE(x) in a MT may be due to the external
water solution of various ions. lons and polar water mol-fie|qs produced by other cellular structures or other MTs and
epules can affect_ the electrostatic interactions betwe(_an theso by the MT itself. The existence of the intrinsic field
dipoles on the dimers and they can also act as a VisCOUgenerated by a MT is indicated by the observation of the
medium and damp the motion of the diméts]. The damp-  gq.caled “clear zone’[20]. This is a space in the shape of a
ing effect can be represented by a viscous force tube that surrounds a MT and is 5-10 nm wide. According to
au experiments, organelles, the cytoplasmic ground substance
F,=— y_”, 3 or any other material normally seen throughout the cell, are
ot very seldom present in this zone. Another indication about
] ) o the electromagnetic nature of MTs comes from the experi-
wherey is the damping coefficient. . ments reported ifi26] in which MTs aligned along electric
~ The above force and the Hamiltonig®) lead in the con-  fie|ds of the order of magnitude 1 Vb and magnetic fields
tinuum approximation to the following equation of motion ¢ intensity 0.02 T.
for the displacement variablg(x,t): However, the exact distribution of charges in the tubulin
molecules bound in a MT is not known. Therefore, an ap-

Fuxy o U imati hosen to calculate the electric field of
M —KR2 — aoU(X,1) + agu(x,t) proximation was chosen to calculate the electric field of a
Jt Jx MT. The charge distribution was represented by a net posi-
au(x.t) tive point charge placed at the protofilament axis at one
+y e eE(X)=0. (4)  protofilament end and net negative point charge at its other

ot end. The electric field&E(x) along the axis of the protofila-

ment on which the kink propagates was assumed to be pro-

- -9 i i i

Here, Ry=8X10"" m is the equilibrium distance between qyced by the remaining 12 protofilaments in the Kife MT
two neighboring tubulin molecules and the rest of the paramyas assumed to consist of 13 protofilamgntEhe corre-
eters in Eq(4) can be determined as follow&4]: sponding formula is

Taking the molecular weight of each tubulin monomer as

55 kilodaltons, the mashl is 1.83x 10722 kg. The product 2 G L/2+ X
KR% can be written in terms of the velocity of longitudinal E(X)ZE 2 27302
2 2p2 2 . iT1 4mege, | [df+(LI2+X)7]
soundvy: KRg=Mw“Rg=Muvy. The speed of sound in a
MT was approximately calculated i23]. This calculation L/2—x
yielded v,~610 ms *. However, in the numerical calcula- + [dZ+ (LI2—x) 22" (6)
I

tions presented below the valug=1700 ms?! has been

used since it gave more physical results. The latter number is

the velocity of sound measured in DNA24]. wheregq=1.602< 10 %° C, L is the MT length,e, is the
The coefficientsx, and @, have not been determined for permittivity of vacuum,e, is relative permittivity of a MT,

a MT so far. For the purposes of the analysis presented hewnd d;=2Rsin({«/2) is the distance of the axis of th¢h

we used the parameters experimentally measured in inoprotofilament from the axis of the 13th protofilament. In the

ganic crystals, which are known to form ferrodistortive do-latter expressiorR=10.4x10"° m is the distance of the

main walls. Based on experimental data for the crystaktharges from the center of the MT ang=2#/13 is the

PbsGe;0 44 below the critical temperature the estimated val-angle subtended by each tubulin dimBrwas obtained by

ues of these parameters ara,=10Jni?K~! and approximating a tubulin dimer as a cylinder whose cross-

a,=1.6x10°74Jm 4 [25]. If a MT is in the ferroelectric sectional area has a radius=2.5x10"° m (and a height

phase, then the critical temperatifgcan be approximately R,=8X 10 ° m). The dielectric constar, is not known for

taken as 350 K and is body temperature, i.e., 310 K. This MTs. But because MTs are mainly surrounded by water mol-

yields a,=400 Jm 2. ecules, this parameter can be approximated by the permittiv-
To determine the damping coefficiept the tubulin dimer ity of free water, which, depending on frequency, ranges at

can be considered a sphere of radRis=4x10"° m and  body temperature from about 76tatic valug to about 4(in
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Electric field (1000000 V/m)

-4 . . :
-10 -5 0] 5 10

x (1 o’ m)

FIG. 3. The electric field generated along the axis of a MT protofilament by the charges of equal magnitudes and opposite signs placed
at the ends of the axes of the remaining 12 protofilaments. Each protofilament consists of 125 dimers.

the infinite limit) [27]. The electric field6) is plotted for the

parameters given above,=1 and a 10° m long MT (125 (&)= i+ &2_ (11
dimers in Fig. 3. 1+efam 22
C. Analytical solution (constant electric field where
along a microtubule)
Equation (4) can be solved analytically for a constant 2 1 3qE (3, Y2
electric field[14]. In order to find a solution in the form of a 1 =—=C0 §arcco S an , (12
traveling wave that moves at a constant veloeitya moving V3 @2\ @2
coordinateé¢= £(x—wvt) can be introduced as follows:
oy M2 2 2m 1 3qE|3a,\? 13
| wz-vn] %0 ® R E )

The partial differential equatiof¥) reduces then to an ordi-

. . . The maximum value of the electric field plotted in Fig. 3
nary differential equation

is Ema=2.62<10° Vm™1. For this value the variable

a2y dy 6=(3q E/2a2)(3a4/_a2)1’zf 0.000115. Hencey,— ¢, is
d—§2+pd—§—¢ +¢y+o=0, (8)  positive and the kink(11) is a domain wall between two
statesy= iy whené— —« and = iy, when {— oo, travel-
where ing to the right. This solution is consistent with the potential

energyV(u) + Vg plotted in Fig. 2Zb). The state of the vari-

vy U ableu=ugy changes from a negative to a positive value as

P May02—v?)]2 7~ % a; YqE (9 the domain wall moves towards the right boundary.
2270 Since the argumend is very small for the values of the
and electric field along a MT obtained from E), #, and ¢,
can be safely expanded with respecistaround 0. Keeping
u(é) ay|? only terms up to the first order iA results in the following
(&)= TR 0~ . (10) approximate expression for the kink wave:
The traveling kink wave solution dB) is listed in[28]. The | 2 s 2
X . . . . 5
solution that corresponds to a kink moving with a velocity u(§)=<—) _1+3_3I§+_§§ ] (14)
v>0is ay 1+e
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FIG. 4. A kink wave moving along a section of a MT that is 125 dimers long. The wave is exposed to a decreasing electric field of the

MT. The electric field is plotted in units 2.6210° Vm~* and the displacement(x) is in units 1.58 10 ! m. The time interval between
two successive waves ist=3.38<10 " s.

The latter equation is valid with very good accuracy and itseveral factors: subjecting a MT to external cellular electric
was used in the numerical simulations presented below. fields, varying the MT lengthiaccording to the approxima-
The kink solution of Eq(8) is obtained if the following tion (6) longer MTs generate smaller electric fields asnce

condition is satisfied14,28: versd; €, may change due to the changes of ionic concen-
tration of the surrounding cytosol, conformational changes of
vy _ \/6 4_7T tubulin, or the presence of different tubulin isotypes; screen-
[QZM(vg_UZ)]m_ co 3 ing causgd by other charges within Fhe.tupulin mqlec.ule can
substantially lower the value of the intrinsic electric field of
1 3qE (3a,)'? a MT.
+ 3arcco 20, | ay - (19 The kinklike domain walls can be viewed as bits of infor-

mation propagating along MTE29]. Due to the coupling

Equation(15) determines the velocity of the kinklike solitary between dielectric and elastic degrees of freedom of tubulin
wave. Solving Eq.(15) for the values of the parameters this information can be coupled to mechanical events. For
ay, ag, v, M, and q=qe¢ given earlier and maximum example, such kinks may be involved in the movement of
of the electric field E=Eq,=2.62<x1° Vm™! yields motor proteins. If a kink arrives at the other MT end it may
v=1.24 ms*. This number is much smaller than the veloc- weaken the lateral bonds between neighboring tubulins due
ity of phononsv,=1700 ms®. Due to thisv? in the nu- to the change of the tubulin conformational state. This may
merator of the left-hand side of E(L.5) can be neglected and cause dissociation of a tubulin dimer in the MT disassembly.
the right-hand side can be expanded with respect to the small

arguments. The resulting approximate formula foris D. Numerical solution (electric field changing as a function of

3vg (May, 1/2 3v, Ma, 1/2 position along a microtubule)
- E(T) qE= )/az(Tc—T)( 2 ) E In this section and the following section we present nu-
(16) merical solutions of Eq(4) under the assumption that the

electric fieldE changes along a MT according to formy&

The equation above shows how the velocity of kinks de-using the approximate analytical soluti¢i4) as the initial
pends on the model parameters. For fixetbody tempera- condition. A sample calculation is given in Fig. 4, which
ture) varying the critical temperaturg; varies the velocity shows a kink wave moving on a section of the MT protofila-
of the domain walls. Clearlyy also changes when the mag- ment along which the intrinsic electric field of the MT de-
nitude of the electric field along the MT changes. Simce creases. At timé=0 the center of the kink is positioned at
depends ofE linearly, stronger fields produce faster moving x=—4x10"" m. At this point the magnitude of the electric
kinks andvice versa The value ofE can be altered due to field is E=274 000 Vm ! and the corresponding initial ve-
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locity obtained from formula(16) is 0.13 ms?'. The time N

— _ _ 2
interval between two successive wavedis=3.38< 107 s. V(X):VOHZl g™ AT (= Dadli”, (17)
As is clear from the figure the kink decelerates. During -

the total time of simulatiom=2.7x 10 ® s the domain wall In the equation above\l is the number of defects along a

. _ 77 . . b
moves a distanc®=1.32x10" " m, which is about 16 tu- 1 protofilament, x4 is the location of the first impurity,
bulin dimers. The velocity of the kink at the end of the simu- a, is the distance between two impuritie8,is a constant
lation was calculated approximately as that determines the steepness of the Gaussian bump or well,

Adeng/At=0.0289 mS*, where Adenq is the distance be- andv, is the amplitude of the potential energy. The force
tween the last two plotted waves. To compare the numericgdroduced by the potential energy?) is

solution with the analytical solution the value of the electric

field in the center of the intervald.,q (60 000 Vm ) was dV(x) N
substituted into Eq(16), which yieldedv =0.0285 ms?. ax 2VoB Y, {x—[xg+(n
Similar analysis was done for a kink wave moving on a n=1
section of the MT along which the electric field increases. It _ 1)an]}efﬁ{xf[xd+(nfl)an]}2_ (18)

was found that the velocity of the kinks also increased and

was consistent with the formuld6). Thus, it can be CoN-  This force was added to the left-hand side of E4).
cluded that the waves move at a velocity that is proportional - Figyre 5 shows the motion of a kink wave on a section of
to the value of the electric field as was also obtained analytithe MT protofilament where the background electric field
cally. E(x) from the surrounding 12 protofilaments decreases and
The results above imply that the velocity of the kinks isat timet=0s a localized potential energy(x) centered at
the lowest at the center of a MT since the electric field is thex,= —3.7x10"7 m is switched on. The kink starts moving
lowest at this point. At the center of a MT that is 125 dimersat a point xo=—4.0x10"7 m with a velocity v,
long the magnitude of the electric field is =0.13ms?! and the time interval between two successive
E(0)=23000 Vm !. The corresponding velocity from Eq. waves isAt=1.35x10"’ s. The potential energy function is
(16) is v(0)=0.0109 ms*. In the center of a MT that con- a bump with parameterg=10"" m~2? and the amplitude
sists of protofilaments composed of 1000 dimers the electri¥/o=1.00x 10722 ], which corresponds to the maximum am-
field is 360Vvni! and the velocity is v(0) Pplitude of the local forcet2.71x 10" * N.
=0.000171 ms?. It should be realized that the calculated As can be seen, in the presence of the localized potential
velocities will be almost two orders less if the static value ofénergyV(x) the velocity of the kink wave changes more
the relative permittivity(70) is substituted into Eq(6).  rapidly compared to the case when only the electric field is
Screening by other charges in the tubulin molecules mapresent. When the kink approaches the defect, its velocity

considerably decrease the magnitude of the electric field and€creases because the local force produced by the impurity is
consequently the velocities of the kink waves as well. negative. When the kink moves away from the center of the

We can see whether the velocities considered above coufaefeCt' its velocity increases since the defect generates a

be related to the dynamical processes associated with MT :osmve force. Eventually the wave moves with a steadily

In [30] the measured rates of growth of MTs were in the ecreasing speed due to the smoothly decreasing electric

range 1.6—2.3:m/min=40—65 dimer/s and the rates of field E(x). The overall distance traveled by the wave when

shortening were 10 times higher. As mentioned earlier thet;he local potential energy is switched on is smaller than the

. . ; istance the kink moves in the same amount of time only on
cytoplasmic transport along MTs is achieved by means o

motor proteins attached to MTs. These are divided into twohe background of the electric f'(.eld'.Th'S is indicated by _the
. o . T e difference between the last solid line and the dotted line,
main groups, kinesins and dyneins. Kinesin purified from

: . which represents a kink that traveled only on the background
squid axons was observed to move MTs at a velocity 0.5Of the changing electric field.

_1 . . . .
pms . The rates associated with cytoplasmic dynein were Increasing the amplitude of the local potential barrier re-

. 71 .
measured in the range 1.25x2s . It could be mentioned Its in a greater delay of the kink and when the amplitude

S
that the latter rates are the Same as the rates of the p<_3|_6\(\/6\r§aches a critical value the kink will come to a complete
movement of chromosomes in prometaphase of cell d|V|S|o%top This is illustrated in Fig. 6 where the kink wave is

[4]. The measured rates of movement associated with flage Stopped by a bump centeredat= — 3.7x 10-7 m. The am-

lar dynein purified from sea urchin an@hlamydomonas . X 1 .
1 ._plitude of the bump is 1.0810 “* J and the corresponding
were about 10ums *. These numbers show that there is aximum amplitude of the local force i§2.71x 102 N

some agreement betwe_e_n the expgrlmental measuremer?i% times larger than in the previous cas&he absolute
and the calculated velocities of the kinks. - .
value of the minimum of the local force is larger than the
, ) ) force due to the electric field at the corresponding point
E. Effects of impurity potentials [qeffE(_372X 10*7 m) — (1602>< 10*19)(174X 106) N
The mathematical modeling presented in this paper is= +2.78x10 * N] and since the two forces have opposite
mainly focused on the effect of a collision of the traveling signs the kink is stopped.
kinklike solitary wave with an impurity in a MT. In this The width of the kinks shown in Figs. 4—6 is about one
model the impurity was viewed as a source of localized potubulin dimer. When the value of the sound velocity
tential energy, which was chosen to have the form of the/o=610 ms! is used, this reduces the kink width to about
Gaussian function below one-third of the tubulin dimer, which is not very realistic.
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FIG. 5. A kink wave traveling on a section of a MT protofilament along which the electric field decreases. The protofilament contains a

defect that is represented by a localized potential energy centered at apoint3.7x 10’ m. The amplitude of the local potential energy
is 1.00< 10722 J and the length of the MT protofilaments is 125 dimers. The dotted line shows how far the kink would travel if there was
no defect. The electric field is plotted in units 2:620° Vm™2, the local force is in units 2.2210 ¥ N, and the kink wave is in units

1.58x10 ™' m.
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FIG. 6. When the defect in a MT produces a sufficiently large potential barrier, the kink wave is stopped. In this case the amplitude of
the potential energy due to the defect is XM 21 J and it is located aty=—3.7X 10"’ m in a MT protofilament that is 125 dimers long.

The units for all curves are the same as in Fig. 5.
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This means that using 610 mas the value of the velocity Pe
of sound in MTs within this model would require an adjust- Pz~ 2 (23

ment of other model parameters. On the other hand, if it is

assumed that the rest of the model_ parameters are corregfter substituting Eq(22) into Eq. (23) the second equation
then the value 610 m'$ for the velocity of sound in MTs  for coupled polarization and mechanical stress is obtained:
has to be corrected.

9? 92

S —_—
X2 P 0 512

pe &2

IV. MODEL II: PROPAGATION OF NUCLEATION 2 ot?
FRONTS ON MICROTUBULES

o. (29

) o ) To find the solutions of the system of coupled equations
The second model of propagation of kinklike solitary (21) and(24) in the traveling wave form the traveling coor-
waves in MTs analyzed here is based on the wpikg and dinate é=x—wvt can be introduced. Then E@4) can be
[31] in which is proposed a model of the interface motion i”integrated, which yields

ferroelectric crystals. 1117] the Landau-Ginzburg-type free

energy expansion is postulated in the following form: pe , )
v Pc—(1—psgv)o=c1é+Cq. (25)
1 1 1 1 1
F=Fo+ sAP?— —BP*+ _CP®— ZeoP?— =50 _ , o
2 4 6 2 2 In Eq. (25), ¢; andc, are integration constants. If it is as-
D/op\2 sumed that;=cy=0 (the solutions forc; andc, nonzero
+ _(_ , (190  were studied, e.g., ip35]) and Eq.(25) is substituted into
2\ 9x Eq. (21), the following ordinary differential equation results
for P:
where P is polarization ando is mechanical stress that
couples toP due to the piezoelectric effect. Coupling be- d?p -
tweenP ando is expressed by the tergqeoP?, wheree is FDd—gz+v d—g—F(AP— BP3+CP%)=0, (26

an elastic constant. The paramesgiis related to the veloc-

ity of soundv, and the densityp of the elastic medium \yhere

throughv o= (psy) ~ Y2 Without the terms containing, the

free energy(19) describes a first order phase transition in - pe’v?

uniaxial proper ferroelectrics. The coefficiehts defined as B=B+ 2(1-psvd)” (27
A=a(Ty—T), where T, is the transition temperature at 0

which the paraelectric phase loses its stabilage Fig. 12, The solution of Eq(26) is a traveling kink wave,
of [32]), B and C are positive constants. The term

(D/2)(9P/dx)? represents the nonuniformity energy that ex- P, £ \]v2
ists in the transition regions between domains in which the P=— 1+tan)‘(ﬂ” , (28
direction of polarization is different and >0 [33]. V2
The time evolution of the order parametercan be de-
rived using the time dependent Landau-Ginzburg equatiod/here
[34], _
, B anc\™
; . Pi=ac| 1|1 % : (29
—=T=5, (20
3D 1/2
where I' is the Landau-Khalatnikov damping coefficient. A=|—=— (30
Substituting Eq(19) into Eq.(20) and performing the varia- 4(BPf—A)
tional derivativeéF/SP gives the following equation:
and
6P+F AP-BP*+CP°—egP)—TD i 0. (21 2
a1 P15 v=STA(4A-BP)

The s_econd equation far and P can be_found from t_he _/D\Y¥2 gAC/B2—1—1_4AC/B2
coupling of both variables to the mechanical deformation =TB| — — . (3
which is equal to 6C/ (1-2AC/B2+\1-4AC/B2)12

JF 1 We assume that a defect in a MT can be represented as a

T e EePZJFSoU- (22) local fluctuation of the density of the medium, which was

chosen to have a form similar to E(L.7):

Here, e=du/dx is the strain tensor component correspond-
ing to o. Hence, it satisfies the wave equation of an elastic
medium with a density:

N

pOX)=po 14+p, 3, e Pirtrarinimll®], (32
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where pg= const is the density in the medium when no 0. In this equatiork is an electric field that is parallel to the

defect is present angl is the dimensionless amplitude of the MT axis, Sy, is the entropy of the ensemble of spins whose

density inhomogeneity. projections on the axis can have two values1/2,N is the
The system of partial differential equatio(®&l) and(24)  number of spins, andg is Boltzmann's constantS;;, is

in which the density of the medium changes along a MTgiven by the formuld37]

according to Eq(32) was solved numerically. As initial con-

. : . 1+2m N
ditions were chosen the solutions for constant density S1/,=Nkg| INN— In- (1+2m)
p=po that were obtained from Ed@28) for P and by com- 1-2m N 2 2
bining Egs.(28) and(25) for ¢. The value ofpy was calcu- — —In—(1—2m)}, (34
lated asM/AV, whereM and AV were assumed to be the 2 2
same as in Sec. lll. The velocity of sound was also chosewherem is one-half of the relative polarization. Since Eq.
the same as in Sec Ill, i.evg=1700 ms . (34) is in terms ofm, Eq. (33) had to be expressed in terms

The rest of the constants that appear in E8%) and(24)  of m as well, which required a straightforward manipulation.
are not known for a MT. However, the parametérsB,  The coefficientsAj;, which were obtained from the fit
C, andD could be estimated by fitting curves of polarization shown in Fig. 7, were transformed into coefficients that cor-

of a MT as a function of temperature, which were discussedsespond to the variable dipole momépblarization per site
e.g., in[21]. The curve that was used for the estimate isaccording to the identity

represented by the dotted line in Fig. 7. The solid line is the p.| k-1

fit. The dotted line is a normalized plot of polarization per A}(pf—lz(_t) NK—1AL (35)
site (sum of all dipole moments divided by the sum of mag- N

nitudes of all dipole obtained by applying the classical where P=P,/N is the dipole moment per site and

Monte Carlo procedure to the system of dipoles in a MT thata, = Nk~1A! are the corresponding coefficients. Their values
consists of 13 protofilaments and 3000 rows. The dipoles e

both thea and theg state were assumed to be parallel to the Lo 1,
MT axis and only the nearest-neighbor interactions were ,=a=1.14x10" NC™*m K™, (36)
taken into account. The sites at which the dipoles are cen- A,=B=3.41x10*° NC*m3, (37
tered(centers of the tubulin dimerdormed a lattice of the N EE 6.5
so-calledA type (the A-type arrangement of tubulin mol- Ae=C=8.12x<1 NCm™. (38)
ecules in a MT can be seen in Fig. 1. Another possible ar- The parameteD was estimated on the basis of the clas-
rangement of the tubulin dimers in a MT B type. Both  sical interaction energy between two dipoles. If the angle
arrangements are hexagonal and they differ by the amount dfetween two dipoles at the interface between two domains
longitudinal shift between two neighboring protofilamentswith different orientation of dipoles is assumed to be small

[1,36].) thenD can be approximated by
The fit was calculated by adjusting the coefficients in the 1
following equation: =-————=321x10" NC?m. (39
2mege Ry
0= al(T—To) P+ ALPE+ ALPS— E— NKgT 22
2 AL R BYop, All parameters above were calculated for the value of the

(33)  relative permittivitye, =70 (static value for free watgrthe
Equation(33) was obtained by taking the derivative of free magnitude of the tubulin dipole moment 2:8@0 2" C m
energy with respect to the total polarizati®) (sum of all andN=239 000. The fit was obtained for the electric field set
dipole momentgsand setting the resulting expression equal toto 3.5 10° Vm™ .
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It should be noted that the free ener@®) has the units the form of ring oligomers that can laterally bind to the MT
of energy per unit volume. However, the parametrsB, ends, causing their bending and, consequently, weakening
C andD are derived from an expansion that has the units othe lateral bonds between the tubulin subunits in the MT
energy and for the variable dipole moment per site they corf12]; weak points inside the MT, such as a missing molecule
respond to energy per site. In order to have the right dimenef tubulin or an abrupt change in the number of protofila-
sions all terms in Eq(19) except for the term 1/€0? have  ments[36]. Due to the stationary stress that may form by
to be divided by the volume of a tubulin dimer. The samemeans of the mechanism described here the MT instability
result can be achieved by deriving such paramefgr8, can reach a threshold and the MT disassembles. The larger
C, andD that correspond to the variable dipole moment perthe stationary stress the more likely the MT disassembly will
unit volume. This can be done by replaciNgwith NAV in  be.

Eg. (35). Initially the amplitude of the stress wave has a magnitude
of about 3.45% 10° Nm™2. According to the above scaling

A. Numerical results the stationary stress in Fig. 8 has an amplitude of about
N 0=3.16<x10"c Nm~2 This means that an interaction of a

1. Second order phase transition stress wave with a local defect results in higher mechanical

According to our analysis the dielectric transition in a MT stresses. The simulations performed have also shown that

with the A lattice has features of a second order phase trafarger defectglarger density fluctuationscause earlier for-
sition that is also indicated by the character of the curvemation of the stationary solutions.

calculated using the Monte Carlo method in Fig. 7. The nu- We can see from the following considerations that the
merical simulations presented here were performed for botftresses above are realistic: The measurements reported in
first and second order phase transitions. In Fig. 8 is an exX9] give Ey=0.5x10° Nm~2 for the value of Young's
ample of a calculation performed under the assumption thahodulus that characterizes longitudinal stresses in MTs.
the transition in a MT is a second order phase transition. [fFrom the first model the deformation of a tubulin dimer due
this case the sign @ in Eq. (21) becomes opposite and the to the propagation of the domain wall along a MT protofila-
term CPS can be neglected. Assuming that the critical tem-ment is ARy /Ry=1.58< 10~ /8 10" °=0.002. For these
perature T.,=350K gives A=a(Tg—T,)=—-4.58 values the magnitude of the longitudinal stresses in MTs can
X10%¥ NC2m~L, where Ts=310K is body temperature. be estimated ag=Ey(ARy/Rg)=10° Nm™2.

Under these assumptions the solution of E@4) and (24) If both waves were moving in a medium with a constant
for the polarization wave i§28] density, the polarization wave would be a domain wall be-

tween two portions of a MT that are in the ferroelectric and

1(A\Y? 1 [A\Y? paraelectric phase, respectively. Such domain walls are
=3|= l1-tanh——= ) Elr. (400  termed nucleation fronts. The variable polarization is an av-
B 22 erage of the dipole moments in all protofilaments at a point

x along the MT. Propagation of kinks along one MT
protofilament could be modeled in the same way as in Sec.
Il by adding a term that contains electric field to E§J).
Including this term would also provide a means of control-
ling the velocity of the kinks.
0= iF(AD)l’Z. (41) Sincg_the MT is assumed to be at a tempera_ture that is I_ess
V2 than critical temperature due to the propagating nucleation
front the dipoles in the MT eventually would become com-
Since there were no reliable experimental values availablpletely ordered in a ferroelectric phase since this phase cor-
for the parameterE ande, throughout this section they were responds to the minimum of the free energge Fig. 12
chosen arbitrarily such that the stress variable would hav&he result in Fig. 8 shows that an impurity in the MT causes
realistic values. The simulation shown in Fig. 8 was per-the dipoles to be not completely ordered since the amplitude
formed for '=3.08<10 2 C2 kgs 'm 2 e=-3.48 of the stationary solution is about one-half of the amplitude
X 10?® C2m, andp,=0.2. The scaling of the polarization of the initial kink. Calculations have shown that the ordering
and the stress variables was the following: of dipoles due to the collision of the waves with an impurity
p:(A/B)1/2p=1_16><1_o*26p Cm and o¢=3.16 Wwas also different for differenf ande. At this place it can

x 1080 Nm~2, whereP and o are dimensionless scaled so- b€ pointed out that the scaling Bfis such that the amplitude
lutions shown in Fig 8. The initial velocity of both waves ©Of the polarization kink is initially about 4 times larger than
was 79.3 msl the value that was used to derive the parameies, C, and

The plots in Fig. 8 show that both polarization and stresd?- This difference can be due to the fact that the parameters
wave change their shape when they collide with the impuritiSed were only estimates and also due to the model chosen.
in the MT and after time approximately=1.95x10 8 s
they form stationary constant solutions along the MT. The
permanent stress that may be imposed in a MT in this way is To perform simulations for the case of a first order phase
a factor in its destabilization. There are other factors thatransition the value of the coefficieBt had to be artificially
may destabilize MTs: the mechanical stress that originateshangedthis change, however, is still within the error of the
due to the different conformation of GDP tubulin, as wasestimate. This is because the value given in E§7) yields
discussed in Sec. II; the presence of disassembly products practically identical values fof., Ty andT*, the latter be-

The o wave can be obtained by substituting E40) into Eq.
(25) (settingcy=c,=0). The velocity of both solutions is
given by

2. First order phase transition
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FIG. 8. Scaled solution&0) and (25) for the values of parameters given in tefd) polarization;(b) stress. The curves are plotted at
times indicated, which are in unitD(A)¥%,1=1.56< 10" *? s. The amplitude of the- kink att=0 is 0.0011, which is very small on the

ing the temperature at which the ferroelectric phase loses itth this section the parameteB was chosen such that
stability (see Fig. 12 The temperature$, andT* can be B=2,[A[C=1.23x10°” NC *m3, where A and C as-
calculated from the formuld82]

sume values used in the previous section. Substituting this
) number into Eq(42) and keepingdl., a, andC the same as
B_ 42) before yieldsT,=320 K. SinceT=Tg=310K, the param-
4aC’ eterA becomesa(Tg—To)=—1.14x10*® NC?m?!
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FIG. 9. Scaled solution&8) and(25) for the given values of parametels) polarization;(b) stress. The times at which the curves are
plotted are in units D/A)Y%,1=3.12x 10" s.

An example of a simulation using the modified param-and (25) for c,=c,;=0. The initial velocity of both waves
etersA andB is shown in Fig. 9. The calculation was per- was found by solving simultaneously algebraic equations
formed for the values of e=—1.25<10°° C"2m, (31) and(27). For the parameters given above the value ob-
['=2.8x10"%* C?kgs *m~2 and p,=0.2. The scaling_of tained wasw) = —489 ms ™. The minus sign means that both
polarization _ and stress was P=(B/iC)1’2P domain walls were moving to the left, in agreement with the
=1.94x10"%" PCm ando=10"c Nm~2, whereP andg  minima of the free energy; i.e., the assembly of dipoles in the
are dimensionless scaled solutions obtained from E2f. MT switches from the paraelectric to the ferroelectric phase.
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FIG. 10. Scaled solution€8) and (25) whenA is of the form(43) for p=4.2x10° Nm~% (a) polarization;(b) stress. The times at
which the curves are plotted are in uni®/@)Y%,*=3.12x10 2 s.

The waves could propagate in the opposite direction ifthange their shape as they approach the density fluctuation
A had such a value that corresponds to a temperature aboe@ad converge to stationary solutions that have a constant
critical temperaturgsee Fig. 12 This can be achieved by amplitude along the MT after time of abots# 4.67x 10 8 s.

applying external pressures to the MT as will be discussed in Adding a term that corresponds to an external electric
the next section. field to Eq.(21) should have a similar effect as in the case of

The results of the simulation in Fig. 9 are similar to thosethe second order phase transition: one of the minima of the
for the second order phase transition. Both domain walldree energy that corresponds to the ferroelectric phase would
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velocity (1700 m/s)

pressure (10° Nm™2)

FIG. 11. A plot of the initial velocity of the polarization and stress wave as a function of pressure obtained by numerically solving Eqg.
(32) for the values of the parameters used to calculate the curves in Fig. 10.

be favored with respect to the other minima. Thus, the position for the values ofA that correspond to temperatures
larization kink could model a domain wall between two sub-T< T, the character of propagation of the solitary waves will
chains of a MT protofilament in which the tubulin dipoles be the same as in Fig. 9: the MT will switch from the
are in two different orientational states. The external electrigparaelectric to the ferroelectric phase since the ferroelectric
field would also govern the velocities of the waves. To checkphase corresponds to the absolute minima of the free energy.
this assumption one can construct the solution of the resultwhenA exceeds the value that correspondd tahe polar-
ing equation of motion by means of a method described irization nucleation front and the stress wave will propagate in
[38]. the opposite direction because the free energy has only one
absolute minimum that corresponds to the paraelectric phase.
3. Effects of pressure The considerations above are illustrated in Figs. 10—12.
Since MTs are embedded in cytosol they are subjected tdhe plots of free energy in Fig. 12 correspond to Figs. 10
hydrostatic pressures. The lowest-order interaction of th@nd 11. The parameters used to calculate the curves shown in
type of ferroelectric crystal that was chosen here to modeihese three figures were the same as in the previous section
the dielectric properties of MTs with hydrostatic presspre €xcept forl, Whl(_:leswzgs ch_?sepz one order of magnitude
is of the formQpP2, where() is a function of electrostric- larger:-I'=2.8x10"** C°kgs “m“. The parametef) was
tive complianceg39). Adding this term to the free energy for  convenience  set to Q=1/2a(T—T)|/10°

(19) gives the coefficiena in the form =5.72x10°" C 2m andp was scaled in the units of atmo-
spheric pressurgp=10°p Nm2,
A=a(T—Ty) +2Qp. (43 The simulation shown in Fig. 10 was performed for

p=4.2x10° Nm™2 This value of pressure corresponds to a

This modification could have important consequences fotemperature abov@, and therefore both polarization and
the propagation of kinks along MTs. The functiéhis not  stress wave move in the direction opposite to that in Fig. 9 as
known for a MT. In this paper we made an assumption that ithe MT switches from the ferroelectric to the paraelectric
is constant and that its value is such that the te€lp2s  phase. The scaling & ando in this figure is the same as in
comparable to|a(T—Ty)|. Under these circumstances Fig. 9 and gives very reasonable values for both variables.
changingp may alter the magnitude @ significantly which  Initially both waves move with a velocity=339 ms*. The
affects both the sign and the magnitude of the velocity of the&ime evolution of both kinks is similar to that in the simula-
domain walls[Egs.(41) and(31)]. tions shown in the previous two sections: when the waves

In the case of the second order phase transitiorapproach the defect in the MT their shape changes and after
(To=T,) the sign ofA is altered if the pressure becomes some time permanent stress forms that is constant along the
larger than—a(T—T.)/2Q). This will inhibit the propagation MT except for a small well at the place of the density fluc-
of the kink waves since E@26) does not have a real solution tuation. The MT is not polarized since it is in the paraelectric
for C=0 andB<0. In the case of the first order phase tran-phase.
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Free energy (4.30x10"21 1))

P (1.94x10727 Cm)

FIG. 12. Free energf(P,T)=1/2a(T—T,)P?—BP*+ CP°® of a ferroelectric crystal whose dipoles can be in two equivalent orienta-
tional states as a function of temperature. The crystal can undergo a dielectric first order phase transition at a critical tempefatire
temperature was effectively varied by replaca@ — T,) with a(T—Tg) +2Qp where for fixedT andT, different values op were used.
The plots are calculated for MT parameters given in Secs. IVA and IV@3T=T, (p=1X10° Nm?). The paraelectric phase loses
its stability. At this temperature the local minimum that corresponds to the paraelectric phase disappears and at terfipefatthiesree
energy exhibits two symmetric absolute minima that correspond to the two equivalent orientations of the dipoles in the ferroelectric phase.
(b) To<T<T, (1X10° Nm2<p<4x10° Nm~?). The free energy has a local minimumR&0 and two symmetric absolute minima
that correspond to the ordered phage.T=T, (p=4%x10° Nm ?). At the critical temperature the minima that correspond to the two
dielectric phases are equivalent and the crystal undergoes a phase trafgjtidrs: T* (p=5X10° Nm 2. At this temperature the
ferroelectric phase loses its stability: the two local minima that correspond to this phase disappear aiid dheveee energy has only one
minimum atP=0.

Figure 11 is a plot of the initial velocity of the polariza- has been suggested before these waves may be initiated by
tion and stress waves as a function of presgur&his plot  the free portion of the energy of the GTP hydrolysis whose
was obtained by numerically solving E1). As can be role in the MT behavior is largely unknown.
seen in the figure thg velocity is negative for pressures less The first model is represented by a partial differential
thanp=4x10> Nm™2 These pressures correspond to teM-gquation for the elastic displacement of the tubulin dimer.
peratures belowr’; for .W.h'Ch the free energy exhibits two The equation was set up under the assumption that a MT can
symmetric absolute minima that correspond to the ferroelec-

tric phase. This means that due to the propagating polarizéj-ndergo a second order dielectric phase transition and it in-

tion wave a MT switches into the ferroelectric phdserves cludes a term that corresponds to an external ele_ctric fie!d.
a andb in Fig. 12. At p=4Xx10° Nm~2 the minima cor- Sych a _model can be used t_o describe propagatlon of kin-
responding to the ferroelectric and paraelectric phases haygike solitary waves along a single MT protofilament. These
the same depth This is equiva|enﬂ'tg TC at which the Sign waves may be excited by the addition of one tubulin dimer to
of the velocity change&urvec in Fig. 12. For larger pres-  the protofilament since the energy freed in the GTP hydroly-
sures than the above limiting value the velocity of the kinkssis that accompanies this process is comparable to the energy
is positive and the assembly of dipoles in a MT switches intoneeded to initiate the wave. For the approximations chosen
the paraelectric phase since the free energy has only oribe velocity of the solitary waves depends linearly on the
absolute minimum aP =0 (curved in Fig. 12. At pressures value of the electric field. This implies that the intrinsic elec-
lower thanp=3.8x 10> Nm™2 no kink waves exist because tric field of a MT or the external fields from other MTs or
Eg. (31) does not have a solution for such valuespofOn  cell membranes may control the propagation of these waves.
the other hand the solution of E(B1) exists for quite large Since the kinks may be linked to other events that involve
pressures up to the order of magnitude’ Mm~2 (not  MTs, this implies that the electric fields may govern these
shown in the figure These results imply that certain pres- events. The magnitudes of the velocities for the numerical
sures may inhibit the propagation of the polarization and/ajues of the parameters used are quite consistent with the

stress domain walls on MTs. It should be noted that sinceyperimentally measured rates of movements associated with
depolymerization of MTs by hydrostatic pressures of abouy T motor proteins.

200 atm has been reportgd0] the values of pressure con-

) . The motion of kinks can be slowed down by a decreasing
sidered here are quite reasonable.

electric field but also by a defect present in the MT whose
V. DISCUSSION effe_ct_ can be V|ewed.as a Ioca] potential energy barrier. At

sufficiently large barriers the kink waves are stopped. The
In this paper two models were used to describe quanta ajuestion now is what happens to the energy transported. We
energy traveling in the form of solitary waves along MTs. Asmay speculate that it is transferred to another MT via an
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attached MAP or it plays a role in the movement of a motorsure on a MT. According to the results the external pressure
protein. Another suggestion is that it creates a domain walinay effectively enlarge the temperature of the MT so that it
between two portions of a MT protofilament in which the exceeds the critical temperature. This would change the di-
tubulin dimers are in different elastic states. This instabilityelectric phase of the MT. The pressure also affects the ve-
may be a factor in the MT disassembly. locity of the kinks and for certain pressures the kinks do not

The second model was represented by two coupled partigropagate at all. Thus, the hydrostatic pressure to which a

differential equations for the variables polarization andyT s subjected in the cellular environment may act in some
stress. Polarization forms a kinklike nucleation front thatgjcumstances as a kink inhibitor.

propagates along a MT. Hence, it may be excited by a simul-

- . . It can be noticed that the values of the velocities of the
taneous addition of several tubulin dimers. In the case O\f/vaves obtained in the second model are several orders of

both first and sec_ond order phase transitions_ the pomrizatioﬁ%agnitude larger than the velocities obtained in the first
waves are domain walls between ferroelectric and paraelec-

tric phases. When the MT is below critical temperature it;g\?vdg:é;?g;irgghoa?nd tt?]e ch?rgs of t?t;:hdmole eqcl;al to_ba q
switches from the paraelectric to the ferroelectric phase ges the velocl ;es 0_1 € waves describe
the wave propagates. Above critical temperature the situati(a)ﬁy the second mode| were aPSOUt %?S and for the first
is the opposite. Collision with an impurity in the MT results Model they would be 1_02_ 107> ms™* (note that the veloc-
in the formation of a constant stress along the whole MTIty of sound is 1700 ms'). However, the second model was
According to the simulations the amplitude of the stationary@nalyzed neglecting the presence of an external electric field,
stress can be several orders of magnitude larger than thhich was incorporated into the equation of motion that rep-
amplitude of the initial kinklike stress wave. Hence, as aresents the first model. The electric field acted as a mean of
result of such a collision there is a permanent stress in theontrol of the magnitudes of the velocities of the kinks.
MT that destabilizes it or the stress may be so large that thé&hus, the two models can be made more comparable by in-
collision causes a destruction of the MT. corporating the term that corresponds to the external electric
For this model we also studied the effect of external presfield into the equations of motion of the second model.
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